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v;-PERIODIC HOMOTOPY GROUPS OF
EXCEPTIONAL LIE GROUPS:
TORSION-FREE CASES

MARTIN BENDERSKY, DONALD M. DAVIS, AND MAMORU MIMURA

ABSTRACT. The v,-periodic homotopy groups v, (X p) are computed ex-
plicitly for all pairs (X, p), where X is an exceptional Lie group whose integral
homology has no p-torsion. This yields new lower bounds for p-exponents of
actual homotopy groups of these spaces. Delicate calculations with the unstable
Novikov spectral sequence are required in the proof.

1. STATEMENT OF RESULTS

If p is prime, the p-local v;-periodic homotopy groups v, 'n,(X; p) can
be defined, similarly to [13], for any space X which has an eventual H-space
exponent at p. We review this definition at the end of this section. These
groups are interesting because they are often almost completely computable and
yet they give large direct summands of actual homotopy groups of X . Using
results of [17] and [11], we show at the end of this section that all compact Lie
groups have such exponents for all p, and so we should try to compute their v;-
periodic homotopy groups. This was done at the odd primes for SU(n), Sp(n),
and SO(n) in [13], for SU(n) at the prime 2 in [8], and for G, at the prime 2
in [14]. In this paper we do it for all exceptional Lie groups X at all primes p
for which H,(X ; Z) has no p-torsion. In the process, we also calculate the v,-
periodic homotopy groups of many sphere bundles over spheres. We also read
off some results about p-exponents of the exceptional Lie groups; in particular,
we show that they are not quite independent of the prime p.

Our results depend heavily upon the following splitting theorem of [23, 21,
27] for the p-localizations of the exceptional Lie groups. That these are the
only torsion-free cases was established in [10].

Theorem 1.1. The exceptional Lie groups when localized at p split as indicated
below.
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Here each space B(2ny + 1, ... ,2n, + 1) is built up from fibrations involving
p-local spheres of the indicated dimensions, and is equivalent to a direct factor of
the p-localization of SU(n,+1)/SU(n,). The attaching map of the middle cell of
B(2n+1,2n+2p — 1) is a; € Toni2p-2(S?"*1). The only factor not of this
type, labeled B,(3, 11), is a sphere bundle with attaching map «;, and is not a
direct factor in the 3-localization of a quotient of SU ’s.

Here o, denotes the standard element of order p in 7y,_ 1n—1(S0) (see, e.g.,
[24, 1.3.11]). Of course, the v,-periodic homotopy groups of a product space
are just the product of the v;-periodic homotopy groups of the factors, and
so the v;-periodic homotopy groups of all torsion-free exceptional Lie groups
follow from Theorem 1.1 and Theorems 1.2, 1.3, and 1.4 below, which give
the v,-periodic homotopy groups of the factors occurring in 1.1. We leave it
to the interested reader to use these ingredients to tabulate v, 'm.(X; p) for
each exceptional Lie group X and each prime p for which X is torsion-
free; it is completely straightforward. We also point out that, for each such
pair (X, p), distinct factors in the splitting of X, given in 1.1 have non-
overlapping nonzero periodic homotopy groups, which, with 1.2, 1.3, and 1.4,
implies that v '72:(X; p) is a finite cyclic p-group for all even values of i.

We use the customary notation ¢ = 2(p—1), and v,(—) denotes the exponent
of p. If the context makes its value clear, the p will be omitted as subscript of
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v and also as an argument of vl"n*(—) . The first result, which is the linchpin
of our entire approach, was proved in [15], using work of [19, 26].

Theorem 1.2. Let p be an odd prime. Then

v i1 (S2HY p) & v (8P p)
Z/pmintn.v(i=m+l)  ifi=pmodp -1,
- { 0 otherwise.

The second result, Theorem 1.3, states the v,-periodic homotopy groups
of certain sphere bundles over spheres. It will be proved in §2, where it is
generalized to a wider class of sphere bundles over spheres.

Theorem 1.3. Let p be an odd prime. Using the notation of Theorem 1.1, we
have the following :
(1) The only nonzero v,-periodic homotopy groups of B(3, 2p + 1) are

U7 Taprgm-1(B(3, 2p + 1)) = 0] ' Mapigm(B(3, 2p + 1))
~ Z/p™ine+l, L+v(m—p*~"))

(2) If n > 1, then the only nonzero groups vf'nzi(B(2n+ 1,2n+q+1)) are

vl"lnz,,wm(B(Zn +1,2n4+q+1))
Z/pmin(n, 2+v(m)) ifm#Ilmodp,
~ { Z/pmin(n+p—l,2+u(m—l)) ifm =1 modp s

and the group vl“n2,~_| (B(2n+1,2n+q+ 1)) has the same order as the group
o' n(B2n+1,2n+ g+ 1)).

(3) The only nonzero 3-primary v,-periodic homotopy groups of B,(3, 11)
are

Uy ' Rosam(Ba(3, 11); 3) m v ' ioram(Ba(3, 11); 3)
~ Z,/3min(6. l+v(m=2-3)

The third result, which will be proved in §3, gives the v;-periodic homotopy
groups of the five factors of torsion-free exceptional Lie groups which are built
up from more than two spheres by fibering. It is quite clear how several of them
could be fit under the same rubric, but we shall not bother with the extent to
which this generalization can be made.

Theorem 1.4. For the following spaces X , the groups v '72:(X) are cyclic, and
are nonzero in only the cases listed below. Moreover, 'vl" myi1(X) has the same
order as vy 'my(X).
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vs(|[v] ' Maamesy(B(3, 11,19, 27, 35); 5)|)

min(6, 4 + v(m))
min(10, 4 +v(m—1)
min(14, 4 +v(m - 2)

-3)

)
)
min(18, 4+ v(m - 3))
)

vi([v; ' maemeny(B(3, 15, 27)5 7))

_ { min(8, 2 + v(m))
~ | min(14, 2 + v(m - 1))

ifm=4,5modS5,

ifm=1modS3,
ifm=2mod>5,
if m=3modS5,
if m#1mod?7,
ifm=1mod7,

vi(|vy  maemes)(B(11, 23, 35); 7)|)

min(11, 3+ v(m - 1))

min(5, 3+ v(m))
{ min(17, 3+ v(m - 2))

ifm#£1,2mod7,
ifm=1mod?7,
ifm=2mod7,

vi(|v;  maemeny(B(3, 15, 27, 39); 7))

min(8, 3+ v(m))
min(14, 3+ v(m — 1))
min(20, 3+ v(m - 2))

|

ifm#1,2mod?7,
ifm=1mod7,
ifm=2mod?7,

vi(|[v;  maeme11)(B(23, 35, 47, 59); 7)|)

min(11, 4 +v(m))

min(17, 4+ v(m—1))
min(23, 4 +v(m - 2))
min(29, 4+ v(m — 3))

ifm#1,2,3mod7,

ifm=1mod?7,
ifm=2mod7,
ifm=3mod7.

The significance of this long tabulation of results is (at least) 4-fold. First,
they are a complete answer for a problem in homotopy theory. Second, they
show more explicitly the form that the results for SU(n) of [13] will take. Third,
their determination involves delicate calculations in the unstable Novikov spec-
tral sequence (UNSS). We have tried to be quite careful in §§2 and 3 to show
the nonexpert how these calculations are performed. And fourth, they imply
new results about p-exponents of this important class of spaces.

The p-exponent of a space X, denoted exp,(X), is the largest e such that
7.(X) has an element of order p¢. It was proved in [11] that expp(Sz”“) =n,

and in particular does not depend upon p. If v '7,(X) has an element of
order p¢, then so does 7.(X), although not necessarily for the same value of
* . Since the p-exponent of the total space of a fibration is < the sum of the
p-exponents of the base and the fiber, and since the p-exponent of a product is
the maximum of the p-exponents of its factors, we have the following corollary
of the above results.

Corollary 1.5.

6 ifp=3orS5s,
5 ifp>5,
exp, (Eg) > 11

exp,(G7) = {
ifp=5Sor7,

exp,(Fy) > 11

ifp=5Sor7,
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12 ifp=11,
exp,(Fs) = exp,(Es) ={ 1 ifp> 11
18 ifp=>5, {18 ifp=17,
Ey) > E) =
eXPy( 7)—{17 f1<p<13,  SPENI=\1 0o

30 ifp=29,
29 ifp > 29.

In particular, for each of the exceptional Lie groups, the p-exponent is not
completely independent of p. We conjecture that all the inequalities in the
above corollary can be replaced by equalities.

We close this section by reviewing the definition of v, '7.(X; p). As defined
in [25], a space X has an eventual H-space exponent at p if, for some e and
t, p: QX — Q'X is null-homotopic. This is true whenever X is a compact
Lie group, because it was shown in [17] that for some m the map p™: X — X
factors through a finite product of odd-dimensional spheres, and it was shown
in [11] that odd-dimensional spheres have eventual H-space exponents at all
primes.

Assume that p¢:Q'X — Q'X is null-homotopic, and let M* denote a
mod-p¢ Moore space with top cell of dimension k. Let ¢ = 2(p — 1), let

Mk+ar* 4 Ak denote an Adams map [1], and let Map,(—, —) be the space
of pointed maps. The null homotopy defines a map s, which is used in the
definition of the composite below, denoted A’.

exp,(Es) >29 if7<p <23, expp(E8)={

(1.6) Q'X 5 Map, (M, X) 4, Map, (M*°+! | x) Qi+t x

The v;-periodic homotopy groups of X are defined by applying 7.(—) to (1.6),
iterating, and passing to the direct limit using the maps A’.

v (X)) = dirlimm,_ (QH9P°(X)).

This definition, originally given in [13], demanded some care in choosing e,
s, and A in order that the definition be compatible with fibrations and with
periodic mod-p¢ homotopy groups. Later, in [16], the definition was gener-
alized in a way which applies to all spaces and avoids all choices. Note that
the definition as a direct limit implies that if vl"n,,(X ) is finitely generated
it will be a direct summand of 7,4 (X) for i sufficiently large. We make
no attempt to estimate how small such i/ can be chosen, i.e., in what actual
homotopy groups the periodic groups exist as direct summands. The first two
authors hope to address this in a subsequent paper.

2. v|-PERIODIC HOMOTOPY GROUPS OF SPHERE BUNDLES OVER SPHERES

In this section we prove two results which give the precise v;-periodic ho-
motopy groups of certain sphere bundles over spheres. One of these is Theo-
rem 1.3(2), while the other is the following result, which implies parts (1) and
(3) of Theorem 1.3. As throughout this paper, p denotes an odd prime, and
g=2p-1).

Theorem 2.1. Let S3 — By (3, kq + 3) — Sk9t3 be a fibration with attaching
map «y, for the bottom cells of By (3, kq+3). Then the only nonzero v;-periodic
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homotopy groups of By (3, kq + 3) are

U1 Agermy+1 (Be(35 kg +3) % 07 g smy 2 (Bi(3, kg + 3))
~ Z/pmi“(k(P—lHZ, 1+V(m—kp"("")))'

The proof of both Theorems 1.3 and 2.1 begins by reducing to a calculation
of the 1-line of the UNSS. This reduction is established as in [13] by building
the space up by fibrations of spheres and studying the morphism from the exact
sequence of vy 'm.(—) to that of E;**(—). For spheres, this morphism is a
bijection from even groups to the 1-line and an injection from odd groups to
the 2-line, and this implies that the same is true for the built-up spaces. The
morphism is only defined in large dimensions, but that suffices for all since
both are periodic. This periodicity was proved for E21 **(SU(n)) in [13] using
results of [3, 12]. For the factors of exceptional Lie groups which are not also
factors of some SU(n), this periodicity will be a corollary of the calculation
performed here. This exact-sequence argument was used in [5] to prove a result
which generalizes that which is needed here.

We shall not attempt to calculate Ezz’*( —) for the spaces involved in Theo-
rems 1.3 and 2.1, for the 2-line seems to be more complicated, being apparently
not always cyclic. Instead, we note, as was done in [13], that the fact that
v o1 (82 and v 'my;(S?+!) have the same order allows us to deduce
the same thing for spaces built up from fibrations of spheres, using a simple Eu-
ler characteristic argument. A special argument will be used in Theorem 2.24
to show that the odd wv;-periodic homotopy groups of the spaces in Theorem
2.1 are cyclic.

Remark. Theorems 1.3 and 2.1 can be interpreted as giving explicit formulas
for the numbers called e,(k, n) in [13], dX(k+1, n) in[12], and v,(A(k, n))
in [18] for certain values of k and »n. Here we have a result in number theory
proved via the UNSS. For example, the second author conjectured the following
result based on computer calculations and was unable to prove it using methods
of number theory, but it follows immediately from Theorem 1.3(1) and [13,
1.4]. Recall that the Stirling numbers of the second kind, denoted by S(k, j),
are defined by

. k
(e¥ =1 = 3 jiStk, j) -

Proposition 2.2. Let e,(k, n) = min{v,(j!S(k, j)):n < j <k}, where S(k, j)
denotes a Stirling number of the second kind. If p is odd, then for any m > 0

ep((p_ 1)(m+ 1)+ l,p+ 1) = m1n(p+ 1 , ]+Vp(m_pp—l)).

We follow quite closely the proof of [2, 4.11], which was essentially our
Theorem 1.3(1), i.e., the case kK = 1 of Theorem 2.1. We point out that our
current work brought to light a minor mistake in [2, 4.11]. The (—1)**! should
be replaced by 1.

It was shown in [7] that the only nonzero groups EZ"*(Sz”“) are

(2.3) E21,2"+4m+1(S2n+1) ~ Z/pmin(n,u(m)+l).

The orders of the groups in Theorems 2.1 and 1.3(2) follow from the above
remarks and the following results.
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Theorem 2.4. Assume n > 1. In the exact sequence

0 — E}2ntamtl(g2nely I pl2ntamtl(Bop 4 1, 2n 4 q + 1))
In E2' ,2n+qm+l(S2n+q+l) 9, E22,2n+llm+l(S2n+l)

the morphism 0 is 0 unless

e n+p-2<v(m-1), when it is a surjection Z/p"*?~' - Z/p, or
e n-2<v(m), when it is an injection Z/p — Z/p" .

Theorem 2.5. In the exact sequence

gEzl,q(k+m)+3(Skq+3)zEZZ,kq+3(S3)

the morphism 8 is a surjection to Z/p unless
vim)>k(p—-1) and k=m/p*?~Y modp,
in which case it is 0.

After proving these theorems, we will prove in Theorem 2.23 that the groups
E}aml (Bon 41, 2n+ g + 1)) and E) ***™43 (B (3, kg + 3)) are cyclic,
which, with the earlier remarks and Theorem 2.24 for the cyclicity of some
vy '715;_1(=), completes the proof of Theorems 1.3(2) and 2.1.

We now embark upon the proof of Theorems 2.4 and 2.5, which involves
careful UNSS calculations similar to those of [2]. We will review the relevant
background results as we proceed. We use the Hazewinkel generators v; € BP,
and h; = c(t;) € BP.(BP). We abbreviate ng(—) to n(—), and write h;v;
interchangeably with #n(v;)h;. We will need the following result, whose proof
we outline, although it involves standard BP methods, such as those of [24].

Lemma 2.6. (i) w(h) =h,® 1 +1®@hy + 327! L(®\hi ®h{"ivl +h ®h;

i=1 p
(ii) vy =ph; +n(vy); o
(iil) vy = phy + (1 — pP~YRPv; + n(v2) — (p + DvPhy + X0, aoP ' ~'pihi,
where a; € Z.

Proof. We use v; = pm; and pv, + v{’“ = p?’m, . Part (i) follows from
/ + /
Z v(h)? m; = Z hil ®h7 my.
il jok,1

Part (ii) is obtained by multiplying m, = h;+n(m;) by p. Part (iii) is obtained
by multiplying m, = hy + n(m)h? + n(my) by p?. This yields

pvy + P+ = phy + phPuy + pn(vy) + (vg — phy)PTL

In the expansion of the last term, the v/ *! cancels with the term on the left-hand
side, after which we divide everything by p. The next term in the expansion
appears in our stated formula, while the last two terms combine to —v;p?hf{ —
pP~'hYv, . The first of these appears in the sum in our formula, and the second
is combined with an earlier term. O
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The UNSS is defined so that E5/(S?"*!) is the homology of the unstable
cobar complex, which has, for example, terms with s = 2 spanned by those
vht @ v°h? ® v1y,,, satisfying

(2.7) |d| < Yol +n and |b] < v+ A9+ Lo¢| + n.
Here monomials such as 4% are h{" hé’z - with |b|=b; +by+--- and
Hhb = - Db + (0> = Dby + - .

The factor v¢ can be considered as acting on the right of A® or on the left
of h?. Terms such as these are sometimes written in [ | | ] notation. The
boundary d in the unstable cobar complex is defined as in [7, p. 244]; for
example,

d(Vh v 1) = (N(V7) = %) ® K2V 1yn i1 = VT (RP)V o041

—v%h" ® ((v°) = v)i2ns1 5
where W(h?) = w(h?) — h®* ® 1 — 1 ® h® . For spaces such as those of Theorem
2.5, E;”(B(Zn +1,2n+ g+ 1)) has terms ending in X3,41 OF X444+1, and
d(v“hbvcxz,mm) has the additional term v9h% ® vh;x2,41. In §3, we will
consider more explicitly how the coaction in BP,(SU(n)) comes into play in

the boundary in the cobar complex of SU(n) and its quotients.
We expand upon (2.3) by recalling the following result from [7, 9.12].

(2.8)

Proposition 2.9. Let y = min(n, v(m)+1). Then
E21,2n+qm+l(S2n+l) ~ Z/p”
with generator a,,, = d(v]")/p* satisfying
ifu=n, then am, =-v""h? mod E,(S*").

The double suspension homomorphism
Ezl ,2n+gm—1 (Szn—l) g Ezl ,2n+qgm+1 (SZn+1)
is injective.

The abbreviation a, will be used for a,,/; . Note that a; = —h; , which will
be used frequently without comment. Although there should be no confusion
between these classes and homotopy classes of the same name such as those
mentioned in 1.1, the two are compatible anyway; the E,-classes a, detect the
homotopy classes a,,. A variation on (2.7) which will frequently be used is
that for a,,; ® h9v€1,,,1 to be defined, the second condition of (2.7) should
be replaced by

(2.10) j < Shd)+ Sl +n.
Next we review results from [2] about the unstable elements on the 2-line.

The double suspension Hopf invariant H, is discussed there. We denote by H’
the morphism

H': EX(S?+Y) B Exty (W (n)) — E}(M)
obtained by following H, by the stabilization. Here
E;(M) ~ ExtSBP‘Bp(BP* B BP*/p)

denotes the E,-term of the stable UNSS for the mod p Moore spectrum M .
We will eventually need the following facts about E{M).
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Lemma 2.11. (1) E,(M) is commutative.

(2) vkh #0€ EX(M).

(3) If x € E3(M), then vyx = xv, =0.

(4) v hk D = k=D iy By (M)

(5) If s #0mod p, then agpe-1), = —svf"e_"'hl in Ey(M).
Proof. Part (1) is well known, part (2) is [24, p. 157], and part (3) follows from
[20, 2.10]. Part (4) follows from Proposition 2.6(iii), part 3 of this lemma, and
the fact that ph, = 0 € E;(M). To prove part (5), we use 2.6(ii) to expand
v obtaining

Spe—l 1
1 spe~! speT! sp© j—epdaspT ! —j
Qgpe—1/je = E(”(Ul ) — (phi + n(vy)) )=- Z j p hlvl .
j=1
All terms except j = 1 are divisible by p, and hence 0. To insure that terms
with j large are p times an admissible element, write p/~¢h{ as
p(vy —n(vy))/~¢thet! . O

Now we cull from [2] the following result. We denote by Ezz” (S2%+1) the

subgroup of Ezz"(SZ”“) consisting of unstable elements, i. e., those which sta-
bilize to zero.

Theorem 2.12. (1) Let a be fixed, and t = v(a). The groups EZ:44+2+1(S2n+1)
are

(a) Z/p" if n <t+ 1, injecting to one another under X?,

(b) Z/p™' if t+1<n<a~t, with * inducing -p;

() Z/p* ™ if a—t—1<n<a, surjecting to one another under X*.

(2) Suppose x € 17?22(52"+ Y may be represented in the unstable cobar complex
by a cycle of the form y®h!1y,.1 mod E\(S*"~1), where yiypn_, is defined. (Note
that this 2pn — 1 is 2 smaller than necessary for y ® hiizny1 to be defined.)
Then

H'(x)=y€ E}(M),
and x double desuspends if and only if y=0.

(3) In E2-99*2+1(S2n+1) with t = v(a)

(a) ag_1 ®ajlany hasorder p if 1 <n<t+1,whileif n>t+1,itis 0

and equals d(vf"‘zh;*zzz,,ﬂ) in the cobar complex;

(b) g2 ®h*iny1 hasorder p* if 2<n<t+1, hasorder p if n=1t+2,

and is d(Vi' PR3 ,00) if R > 1435

(¢) ag—3® hi1; is a generator when n =3.

Proof. Part (1) is [2, 3.2], and the formula for H’'(x) is part of [4, 5.3]. The
double suspension EHP sequence implies that if x double desuspends, then
H'(x) = 0. If x does not double desuspend, then [2, 3.2(iv)] implies that
H'(x) # 0. In part 3, the nonzero parts are most easily seen in the tables on
p. 534 and 530 of [2]. The part which represents them as a boundary when
they become 0 is from [2, 3.7]. The formulas there suspend to the desired
boundaries O

Now we can prove Theorem 2.4. We begin with the case v(m —1) =0, in
which case 8 : Z/p — Z/p™nv(m+1.m Similarly to [8] or [2, 4.5], the image of
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a generator i au,_jalans; - By (2.10), am—jaiiz,4 desuspends to S3, where
it is nonzero. To see that a,,_;a13 # 0, we use Proposition 2.9 to see that
mod E}(S') itis v{"’zhl ® hy13, which satisfies
H'(vI"2hy ® hyi3) = v]"2h #0,
by Theorem 2.12(2) and Lemma 2.11. Alternatively, just apply 2.12(3).
By Theorem 2.12(1),
Ezz’qm+3(53)—>Ezz’qm+2"+l(s2"+l)

is nonzero if and only if n < v(m)+ 1. Hence a,_ja1i2,41 # 0 if and only if
n <v(m)+ 1, as desired. B

Now assume v(m — 1) > 0. Then E3-*"*4"*!(§2%+1) ~ Z/p, and so by

Theorem 2.12(1)

0 =0 if and only if O(gen) double desuspends.
We divide into two cases, the first being v(m — 1) < n+p — 2. Letting e =
vim-1)+1,

d(gen) = Am—1/eC1i2n+1-
By Proposition 2.9, a,,_;/ desuspends to S2e+1  The assumption implies
2e+1<qg+2n-1,

so that a,,_j/e112,+1 double desuspends, hence is 0, as claimed.

The final case is v(m—1)>n+p—2. Inthis case 0(gen)=am_1/nsp—12112n+1
which, by Proposition 2.9, equals vXA!*”~! ® hj15,,1 , mod terms which desus-
pend, where K =m—1—-n—p+ 1. By Lemma 2.13 below, in the unstable
cobar complex

B ® hgner + B @ hitgs
is a boundary mod terms that desuspend. Hence
H' (R @ hiigeyr) = —H' (VKR @ hlignsy) = —0f B = —of P71 #£0,
where the first “ =" follows from 2.12(2), the last “ =" follows from 2.11(4),
and the “ # ” follows from 2.11(2). Hence by 2.12(2), 8 # 0, as claimed. O

The following lemma was used in the above proof, and will be used again
later.

Lemma 2.13. For n>1 and K >0,
(h? @ pKe=1tn o pKe=Drrtn—t g pyyKip
is the sum of a boundary and a class which double desuspends.

Letting n = 1 and K = 0, and noting that 2 is a unit, we obtain the following
corollary.

Corollary 2.14. K} ® hy13 is the sum of a boundary and a class which desuspends
to S'.

Proof of Lemma 2.13. The class which bounds the stated class mod elements
which double desuspend is h¢hv{12,41 , where e = K(p—1)+n—1. One term
in the boundary of this is

h¢hy ® d(E)ipp41 = —hihy ® pakianr,
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which double desuspends. The other part of the boundary is

e
> (f) (h{ @M hy + hihy ® h¢™ + hitP @ hE1H!
i=0

p—1
+ Z ajh”’ ® hf"“’"v,)v{‘:z,,ﬂ ,
j=1
with the terms (1®h¢h,+hfh,®1)vK1p,,1 omitted. All terms double desuspend

except the cases i = 0 and i = e of the third term in the sum, yielding the
claim. O

Another corollary which we will use several times in §3 is

Corollary 2.15. For any e >0, v¢h?™ """ @ hyiynyy # 0 € E3>*(S¥H1).

Proof. By Lemma 2.13, we can rewrite it so that its Hopf invariant can be
calculated by 2.12(2) to be v¢hf, which 2.11 shows to be nonzero. O

Now we begin the proof of Theorem 2.5. We begin with the case v(m) <
k(p — 1). In this case,

(2.16) 9(gen) = Cmu(m)+12k13 = ~ Ay (my+1Vy A3,

mod terms that desuspend to S'. Here we have used 2.9. The assumption that
v(m) < k(p — 1) implies ap/,(m)+1 is defined on Ska+l " and hence 2.12(2)
implies
H'(3(gen)) = ~ampm1vf " # 0,

where the last step uses parts (1), (5), and (2) of Lemma 2.11. Thus 9 # 0 in
this case, as claimed.

Now we complete the proof of 2.5 by considering the case v(m) > k(p-1).
Welet r=k(p—-1)+1, s=m/p"™  and

[0 ifu(m)>k(p-1),
8‘{1 if v(m) = k(p - 1).

We will establish the following string of equations in the next paragraph, and
then we will further analyze whether these terms are 0 by studying their Hopf
invariants. The following string is valid mod terms which desuspend to S!:

O(gen) = A rQl3

(2.17) =p~"(n(") — (Pl + n(v1))™)akt3
m
= — Z <njl)pj_rh{’l);n—jakl3
=1
(2.18) = —p" " hl s — eshiv!" ays
(2.19) =~ R gtz — v i wf bty + eshyo K2y
(2.20) =A+B+C,

where A, B, and C denote the three terms in the preceding line.
Line (2.17) follows from 2.9, (2.8), and 2.6(ii). Line (2.18) has been obtained
by observing that in the sum all terms desuspend to S! except j = m and, if
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v(m)=r—1,then j=1. To see this, we observe that we need to have a p
to make ayi3 desuspend. This will be true unless j =1 and v(m) =r—1.
The requirement that j be less than half the degree of the symbols following
h{ will only be a problem for large values of j. When j is large, write the
term as

m el mei
( J.)pwl ()Y R 0 oy,

Since p times anything which is defined on S desuspends to S', this desus-
pends to S! provided

kip-D)+2=r+1<(p-1)(m—-j+k)+1, 1<(p-1)(m—j),j<m.
To obtain (2.19), we have rewritten the first term of (2.18) as

—p(vy = n(v)™" " i oy,
and observed that when this is expanded, all terms except the first desuspend;
we write ph; = v; — n(v;) in that first term. We have also converted a4 to

—vk=1p, at several places, using 2.9.
We note that we can evaluate the Hopf invariant of B and C by 2.12(2),
and, using 2.11 and recalling r = k(p — 1) + 1, we obtain

H'(B+C) = (~1+es)u"**=2p,.

We will show that H'(A4) = (1 — k)vl"”k_zhl , which will complete the proof of
Theorem 2.5. If k=1, then 4 = v{""*k_lh‘l’ ® h,13, which by Corollary 2.14

is a boundary mod S', and hence its Hopf invariant is 0, as claimed.
Now assume k > 1, and define 4" by A =v["""4". Then

! r rl
A" = —hjai3 = _hl;("(v{() — (phy + n(v1))*)13
=Z<)hr®p1 lh_]kjl3

= khi ® v~ ’3+Z<) Tp(vy = n(v1)) ki) .

Thanks to the extra p, the terms in the sum with j < k desuspend to S!,
but the j = k term has a problem because of the h213 at the end. When 1ts
(v; — n(v1))k~2% is expanded, all terms except the first will desuspend because
n(vi)h? = h}v, . Thus, always working mod S', we obtain

A’=kh{®h1vl 13+hlp’vI 2hii,
= khKO=04 @ pyyk=1yy g pROD k=t gy k=D k=2 4,

where we have used 2.6(ii) in the last line.
We analyze the terms of (2.21) one at a time. By Lemma 2.22(b) and Corol-
lary 2.14, the second term yields

(2.21)

hf(”_”“v{“‘hm = vgk_””h‘,’ ® hji3 ~ 0.




v;-PERIODIC HOMOTOPY GROUPS OF EXCEPTIONAL LIE GROUPS 127

For the third term, we have, mod boundaries and classes that desuspend,
—h{((p_l)ﬂ'v{(_zhl’l}]l:; = —’Uf(k—z)hlzp_l ® h1’0113 = ’Uf(k_z)hf ® hll)’Ullg,
=P DRl hyy,

where we have used Lemma 2.22(c), then Lemma 2.13, and then Lemma 2.22(a).
For the first term of (2.21), we have

kP~ @ hyvk=liy = —kh? @ DD k=1 — ey kP g,

by Lemma 2.13 followed by Lemma 2.22(a). Substituting these into (2.21), we
can apply 2.12(2) to find

H'(A4) = (1= kot = Vpr

which by 2.11 equals (1 — k)v™* =2k, , as desired.
The following lemma was used several times in the preceding paragraph.

Lemma 2.22. In the cobar complex of S3, mod terms that desuspend to S',
(a) AkDE=DFLk=1y = k=D gy

(b) Ay ok g = o TP R @ hyis;
(€) AP yk=2p g1y = P DR @ s

Proof. We multiply Lemma 2.6(iii) by

(k=2)(p—1 k=3)(p-1), k— k-2
(a) (A2~ ){‘2 oP K IPDYk=3 DRy g

(b) (hg" Dp=1)y, 1 24 P plkmAP k=3 DRy @ g s

(¢) (k=DE=Dyk=3 | yrpl (k=2)(p-1) o v(k 3)ph2p D) @ hyvys.
Clearly the indicated sum, when multiplied by the hfv, — vfhl which is part of
2.6(iii), yields the desired result, with intermediate terms cancelling. We must
show that when the indicated sum is multiplied by the other terms of 2.6(iii),
all terms obtained desuspend to S'. In parts (a) and (c), the terms in each sum
already desuspend, and this cannot be hurt by multiplying by the other terms
of 2.6(iii). Part (b) is slightly more difficult because the terms of the sum do
not desuspend to S! because ;13 requires a p in order to desuspend. When
terms of the sum are multiplied by v,, n(v2), phy, p?~'hfv,, or p'hi, the
Hopf invariant may be evaluated using 2.12(2). In the first two cases, this yields
0 by 2.11(3). In the other cases, we use the fact that if x € cobar(S?"*1), then
H'(px) =0, since, by [6], H' factors through the mod p reduction of the cobar
complex. Thus we need merely note that h{(’"”hzv{"hl 13, p”‘zh{(”_l)“’v{hl 13,
and pi“h{("_])+’v{"hlt3 are defined, using 2.6(ii) to replace ph,. O

Now we settle the extension questions in Theorems 2.4 and 2.5.

Theorem 2.23. E.-2™9™*\(B2n+1,2n+q+1)), Ey *“™*3(B,(3, kq+3))
in Theorems 2.4 and 2.5 are cyclic groups.

Proof. We begin with Theorem 2.4. We will show that whenever ker(d) #
0 in the exact sequence of 2.4, there is an element z € Ezl” (B) such that
J«(2) = am—1lan14+1, the element of order p, and pz = i.(gen). Since
d(am-112n+q+1) = 0 in these cases, there is w € E2]‘2"+‘”"+1(S2”+‘) such that
d(w) = am_1ailanyg - Let

Z=0m-10n4ge1 — Winy1-
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Then z is a cycle, since d(z) = am—1Q1ln+1 — @m—1C1l2n41 , and clearly j.(z)

is as required. Since, by 2.9, pap,_; = d(v"""), we have

pz—dW]" tanigs1) = A0 Nianige1 — PWirs
—d(W NVonegr + 0] aiong
= i*((vlm—lal — PW)lapny1)-
We consider the morphism of E>-terms
E} (S — E}(S°) — Ej (M)

obtained by stabilizing the cobar complex and reducing it mod p. The image

of (v 'a; — pw)izes1 is v*"'hy, which is nonzero by Lemma 2.11. Since

E, 2r+amtl(g2n+1) s a cyclic group, (v]*"'a; — pw)iz, must then be a gen-
erator, since it maps nontriviallytoa Z/p.

The argument for Theorem 2.5 works similarly up to the point of showing
that (vMay — pw)iz # 0 € E;?**™*+3($3) . We show this by noting from [6,
§7] that the Hopf invariant

H, : E5(S%) — Ext®(W(1))
factors through the mod p reduction of the unstable cobar complex. Thus
Hy((v] oy — pw)i3) = Hy(v["*hyi3) = o]k £ 0.

The first “ =" uses [7, p. 246] to express a, mod S', the second uses [4, 5.3],
and the “#” uses [2, 3.4]. O

We close this section by proving the following result mentioned earlier, which
completes the proof of Theorem 2.1.

Theorem 2.24. In Theorem 2.1, the group v, 'nq(k+,,,)+,(Bk(3, kq+3)) iscyclic.

Proof. We use the exact sequence in v; '7,(—) of the fibration of Theorem 2.1.
Since

vl_lnq(k+m)+1(S3) ~Z/p,
the cyclicity follows from that of v ' ks m)+1(S¥9+3) unless
(2.25) 0 =0: 0] Tgpeam+2(S¥3) = 07 Ty(rmy41 (S?).
If (2.295) is satisfied, then

oa; #0: 'Ul_lnq(k+m—1)+2(Skq+3) - 'Ul_l”q(k+m)+l(Skq+3)
by [13, 6.2], and

-1
Ska3) — U ﬂq(k+m-l)+1(53)

is an isomorphism of Z/p’s by Theorem 2.5. Let G denote a generator of
V7 germ—1)+2(S¥9F3) , and let

0: Ul_lnq(k+m—l)+2(

Y € v} gemye1 (B3, kq +3))
project to G o «a;. By [22, 2.1],
pY = i({(8G, ai, p)) =0(G) o v, # 0.
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3. v;-PERIODIC HOMOTOPY GROUPS OF A COMPLEX STIEFEL MANIFOLD

In this section we prove Theorem 1.4. The bulk of the work, by far, is the
last case, which amounts to calculating certain v;-periodic homotopy groups of
the complex Stiefel manifold SU(30)/SU(11).

By the definition of B(---) given in Theorem 1.1, the first four cases of The-
orem 1.4 amount to just giving explicit values for v I7,(SU(n)), for certain
small values of n. It was proved in [13] that v 'my (SU(n)) ~ Z/p%k-"
where e,(k, n) is the minimal p-exponent in a set of numbers related to Stir-
ling numbers of the second kind. These numbers had been studied earlier in
[12], where it was shown that for fixed n they are periodic in k, so that a
finite number of calculations suffice to determine e,(k, n) for all k. The first
four cases of Theorem 1.4 are a consequence of these remarks and extensive
computer calculations performed by the second author using Mathematica.

In the remainder of this section we prove the last case of Theorem 1.4. One
might be inclined to think, as we initially were, that the result follows from the
exact sequence in v, '7.(-) associated to the fibration

S'!' - SU'(30) — B(23, 35, 47, 59),

where SU’(30) = B(11, 23, 35,47, 59) is a direct factor of SU(30), so that
vy 7,(SU’(30)) is known by [13]. However, we do not have a priori knowledge
of the morphism

vy -1 (S') = vy - (SU'(30)).
Diagram chasing applied to the many fibrations involving subquotients of
SU’(30) will, with the known results for SU’(n)’s, spheres, and B(n, n+12)’s,
yield results for some, but not all, of the groups v; 'ny (B(23, 35, 47, 59)).
Instead of working our way down from SU’(30), we work our way up, one
sphere at a time. We begin by extracting the following result from Theorem

1.3(2). Throughout the remainder of the paper, p =7, v(-) = 17(-), and =
is mod 7.

Corollary 3.1. The groups whose orders are listed below are cyclic T-groups.
min(11, 2+ v(m)), m#1,
min(17,2+v(m-1)), m=1,
mi

V(107 Trams2a(B(23, 35)]) = { ( |
in(17,2+v(im-1)), m#2,
( )
)

. B(35,47)))) = {
V(lvl n12m+22( (35, ))') min 23, 2+ I/(m _ 2) , m= 2’

min(23,2+v(m-2)), m#3,

V(|U1—l7T12m+22(B(47, 59))') = { min(29 2+ y(m — 3)) m=3.

We will use this result and a delicate UNSS analysis to deduce the following
result, from which the desired result, the last case of 1.4, will follow by another
UNSS analysis.

Proposition 3.2. The groups whose orders are listed below are cyclic 7-groups.
min(11, 3 +v(m)), m#1,2,
v(|vy ' iame22(B(23, 35, 47))|) = { min(17,3+v(m-1)), m=1,
min(23,3+v(m-2)), m=2,
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min(17,3+v(m-1)), m#2,3,
u(|v1"n.2m+22(8(35, 47, 59))|) = { min(23,3+v(m-2)), m=2,
min(29,3+v(m—-3)), m=3.
We will prove the second part of Proposition 3.2; the proof of the first part is
completely analogous. We will abbreviate v~ '7.(B(7)) to v.(%). In particular,

v.«(n) denotes v, '7,(S"). Where convenient, we use 2k = 12m +22. We will
use the following commutative diagram of exact sequences:

0 = 0

! !
v(35) = vk (35)

! !

v (35, 47) — vxu(35,47,59) — wvn(59) —  vx_1(35,47)
! - !
vk (47) = vx(47,59) - wu(59) - vu_(47)
| la’

v%-1(35) = Vak-1(35)
All groups are known cyclic groups except the desired group v,(35, 47, 59)
and vy,_1(35, 47), which might not be cyclic, but does not enter into the
argument. The crux is the determination of §’. This yields the order
of v, (35, 47, 59), and its cyclicity follows since the element of order p in
V2, (47, 59) comes from that of v,,(47), which extends to the generator of
V2k(35) .

For example, in the second case of the table below, our earlier results tell us
that the exact sequence in the second column of the above diagram is

0-Z/p— 2 —z/p* L Z)p,

and the UNSS analysis below shows that 9’ is nonzero. Hence the unknown
group has order p!7, and it must be cyclic because in (3.3) the horizontal map
to it is an injection from Z/p!7.

All groups in the table below are cyclic 7-groups, and all but the last column
are known from our earlier work.

(3.3)

[V ONI v —1(47)] [v2x (47, 59)| |vae—1(35)] |im(8")|

m#2,3; vim—1)=t<14 p p p? ptT 0
v(im—1)=15 p p p? p'¢ p
vim—1)>16 p p p? YV p?
1<v(im-2)=t<20 p pi+! pt+2 p 0
v(m—2)=21 p p? B p p
v(im=-2)>22 P p? p¥ P p
1<v(m-3)=1<26 p'! p p'*? p 0
v(m-3)=27 3 p p¥ p p
v(m—-3)>28 ¥ p ¥ p p

Now we must establish that |im(9’)| is as claimed in the table. The result in
the sixth case follows by diagram chasing, but aside from that we work in the
UNSS as in §2, so that vy (—) =~ E2"2k+'(—) and vy (S") = E%’zk“(S").
We begin by noting that if yisg generates ker(d), and if, letting d denote the
boundary in the unstable cobar complex,

0(yis9) = yajigr = d(wisy),
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1,2k+1
then yxs9 — wx4; generates E, (47, 59), and
8’(yx59 —WX47) =y ® (136h|2 — h[U])l35 —w ® 17hy135.

Here we use [3, 3.4] for the coaction in SU, which determines the boundary
morphisms in the exact sequences obtained when building it up, and the explicit
formula (recall p=7)

-
(3.4) > hg=1+h +h; + hv! - 3hfv; + higher terms,

which can be derived as in [9, 2.8]. The 136 is obtained as (%)).

By Proposition 2.9, y will be a,,_3 in the first six cases of the table, and it
will be a;—3/ min(+1,28) in the last three. In the first three cases, w = v{"“"hl2
by 2.12(3)(a), since we are in a stem where the unstable towers have order p.
Thus

9'(gen) = (am—3(136h% — hyv;) — v *h? © 17h) )35,

and by (2.7) and (2.10) this desuspends to S°, where its first term establishes
it as a generator by 2.12(3)(b). Now establishing the claim about im(8’) in the
first three cases just amounts to noting that by 2.12(1) the iterated suspension

E22’q(m_l)+5(S5) - E22,q(m—l)+35(S35)

is 0 if ¢ < 15, has image of order p if t =15, and is injective if ¢ > 16.
In the fourth and fifth cases, w = v["'~*h{*? by 2.12(3)(a). This time

9'(gen) = (am—3(136A7 — hyvy) — v~ hI*2 ® 17hy )15

lies in a Z/p, and so is zero if it double desuspends. By (2.10), the first part
desuspends to S°, and by (2.7) v]""'"*h*2 ® 17hj135 double desuspends if
t+2<22.If t =21, Corollary 2.15 implies that v~ 2*h?3 ® hy135 # 0.

In the seventh case with ¢ > 5 and the eighth case, w = v"~"*2hp!=%  To
see this, we note that by (2.10) a,,_3/;411147 desuspends to ap_3/1410112:-9 ,
where it is the element of order p by 2.15, and hence is d(v]"""*2h!"*14;) by
2.12(3)(a). Now, in the seventh case with ¢ > 5,

0'(gen) = (am—3/1+1(136AF — hyvy) — 0" 2R @ 17hy )i3s

lies in a Z/p. The first part desuspends by (2.10), as does the second since
t—4 <22 ,andso 9’(gen) = 0. The eighth case is similar except we do not have
t—4 < 22. Here, mod terms that desuspend, 8'(gen) = 170" A2 @ hy1p9 # 0
by 2.15 as above. The ninth case, like the eighth, has y = a,,_3/2 and w =
v"~2*h23;, and so is completed just like the eighth case. In the seventh case
with ¢ <5, ay_3/41 ® als7 desuspends to S' by (2.10), and hence so does
w . Thus the term w ® 17hj135 in &’(gen) double desuspends and hence is 0,
completing the proof of Proposition 3.2.

Now we are ready to prove the last case of Theorem 1.4. Although the proof
is very similar to the one we just finished, it is a bit more complicated because
of the extra cell, and so we write out the details. We will use the following
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commutative diagram of exact sequences:

0 = 0
1 l
n(23) = vu(23)
| |
V2k(23,35) = wvn(23--59) — vxu(47,59) —  vu-(23,35)
(3.5) | | l= |

v(35) = vu(35--59) — vx(47,59) > vy ,(39)
| la'
V-1(23) = v%-(23)
Note that (23, 35, 47, 59) has been abbreviated to (23-59), and (35, 47,
59) similarly. As before, we seek to determine 9’, which, with the other known
cyclic groups, will tell the order of vy, (23-59), and its cyclicity follows from the

diagram. Again we divide into cases, where all groups except the last column are
known cyclic groups, and the last column will be established by UNSS analysis.

(v (47, 39)| vk 1(35)] [v24(35-59)| |vae—1(23)| |im(3")|
m#1,2,3; vim)=t<7 p? p p’ p 0
v(m)=8 p? p p? 9 p
v(m)=9 p? p p? p!? p?
v(m) > 10 p? p o} p!! p3
1<yim-1)=t<13 p? p'Hl p3 p 0
vim—1)=14 p? b pY’ p p
vim-1)=15 p? p' p'’ p p
vim-1)>16 p? p'’ p’ p p
1<yim-2)=1t<19 pte p p3 p 0
v(m—-2)=20 p*# P p¥ p P
v(m—2)>21 p% p p? P D
1<yim-3)=t<25 p+? p p'*3 p 0
v(m-3) =26 p® p p¥ p p
v(m—3)>27 p?¥ p ¥ p p

The argument proceeds very similarly to the previous one. The boundary
morphisms are determined by

W(xs9) =1 ® Xxs59 + 23h, ® x47 + (( 127) hlz - 17h1’U|> X35

+ (( 131 ) h? — 143h3v, + llhlv,z) X23.

As in the previous argument, the coefficients (which are units) do not play a role,
as there is always one term which dominates, and so there is no possibility of
cancelling, and so we will ignore coefficients. Also, in the formulas for y(x),
the terms which have one or more v;’s on the right desuspend farther than
the h¢-terms, and so may be omitted from the analysis. We will adopt these
conventions.

In the first block of four cases, the above proof of Proposition 3.2 shows that
the generator of E1***'(47,59) is am-3xs9 — v]" *hx47, and

d(gen) = (am—3hi — v""*hi ® hy)xss.
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By 2.12(3), this equals d (vf”“‘h?xﬁ) , and so, with the conventions mentioned
above, the generator of E} 2**1(35-59) is am_3xs9 + v *h2x4s + v 4 h3xs5 .
Therefore,

9'(gen) = (@m—3® hi + V" *hi ® ht + v]"*h} @ hy)x23.
This desuspends to the generator on S’ (due to the first term, by 2.12(3)(c)),
and the result follows from the result of 2.12(1) that

0, v(im<7,

=8

; E2,qm+7 7 _}E2,qm+23 23Vy] — D, V(m) s
[im(E; (87) - E; (S2)| b wim)=9,

p¥, v(m)>10.

In the second block of four cases, the d of the generator of (47, 59) is as in
the previous block, with a,,_3 ® hfx35 as its predominant term. By 2.12(3)(b),
this is d(v f"““h{* 3135) in the first two cases of this block. Hence in these cases
the generator of E}***1(35-59) is am_3xs9+ 0" *hixgr + 0" "*hi*3 x5, and

9'(gen) = (am—3 ® b} + " *hE @ hE + v 4RI © hy)igs

in a stem where the groups have order p. By (2.7), this desuspends (and hence
is 0) if t+3 < 16, while by 2.15 it is nonzero if ¢ = 14. In the third case in this
second block, ker(d) is generated by p times the generator of E2l 12kt (47, 59).
Replacing ph; by v; (using 2.6 and noting that #n(v,) can be ignored since
it will desuspend farther), we can write the generator of ker(d) in this case
as v 3hyxg + v 8h) x35, which 8’ sends to )7 ® hyxy3 # 0. The fourth
case in this second block has ker(d) = 0, and so the second column of (3.5) is
isomorphic to the first column, which is known.

Now for the third block: By the proof of 3.2, the generator of E21 2K+ (47, 59)
. { aym—_3Xs59 + ’U]m_t_4hi+2X47 if t <21,

Om—2/23X47 if t > 21.
The generator of ker(d) is

Apm—3Xs59 + ’Ulm—’_“hi"'z)(u if 1 <20,
(3.6) AW ) xse + v B hIxy; if =21,

Qm_2/22X47 if t > 21,
which, by 2.12(3), maps by 9 to d(v]""'"¢h$135), where e = .ain(t -3, 17).
In verifying this, remember that 0 effectively just replaces xso by h?x3s, and
X47 by hixszs. Therefore, the generator of E2l ‘2"“(35—59) is obtained by
adding v{""“’h;’ 135 to (3.6). Mod terms which desuspend farther, 9’(gen) =
v"17¢h¢ ® hy1y3, and this is 0 if ¢~ 3 < 20, and nonzero if ¢ — 3 > 20, as
claimed.

Finally, we handle the fourth block by a similar argument. If ¢ < 5, the
slightly special considerations required in the seventh case of the proof of 3.2
are required; they only make things easier, and so we assume ¢t > 5. The
generator of E} %147, 59) is

Qm—3)r41Xs9 + 2RI Axyy if £ < 27,
am_328Xso + VBB xyy  if 1> 27,
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and the generator maps nontrivially under § if ¢ > 27. Thus, if e =
min(z + 1, 27), the generator of ker(9) is

m—e+3he—5
1

(3.7) QUm—3/eXs9 + U] X47.

Here we have again used ph, = v, mod terms that desuspend farther. The
image under 9 of (3.7) is d(v{"+9‘eh‘i’”‘°z35) by 2.12(3) applied to the second
term. Note that the first term double desuspends one step farther, so that if
2.12(3) was applied to it, we would obtain v"*10=¢pe=1l = pym+d-epe=10,
Hence, the generator of E) **1(35-59) is
Qm—3/eXs59 + ’U;"_e+3hf_5X47 + ?)Im_e+9hf_lo.X35 s
and
8'(gen) = (V"¢ 3hE @ b + "3 TS @ b + v PR I0 @ hy )3,

and, as usual, this is 0 if e < 27 and nonzero if e = 27, with the last term the
dominant one.
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